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Recently developed formalism is used to calculate rescattering effects in the isobar model. We evaluate these corrections 
for the reaction Nn ~ NTrn up to 1.5 GeV to assess their influence on existing phenomenology. Our results also include the 
identification of distinct kinds of subenergy variation, each physically interpretable. Interesting features in the total erlergy 
dependence are also observed. 

The isobar model  [1 ] has been used extensively to 
analyse three-hadron final states [2,3]. In the model  
the product ion amplitude takes the form of  a sum 
over all isobars in each of  the three final state isobar 
channels * a 

3 

m(s,  Sl, s2, s3) = u~__l Qo~kama(si) fal~l(s) , (1) 

in which s = 14/2 and s i = w 2 for total  energy W and 
subenergy w i. ~2~ and ka stand for the requisite angular 
and kinematic factors. Ma and 37I are the elastic two- 
body amplitudes with isobar and initial state quantum 
numbers, respectively. The quanti ty of  interest is the 
isobar factor f a ;  in the phenomenological applications 
[2,3] it is assumed to be si-independent. It was first 
clearly realized by Aaron and Amado [4] that this 
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,1 In the Nmr final state, the NTr isobars occur with subenergy 
variables sl and s2, and the nTr isobars with s3. Of course 
the amplitude must be Bose symmetric in the two pions. 

feature of  the model violates unitari ty in the two-body 
subenergy variables. Because of  this the existing phe- 
nomenology is open to question, especially for those 
results in which the phases of  amplitudes are among 
the extracted information.  Formalism which we have 
recently developed [ 5 - 8 ]  implements subenergy uni- 
tari ty and analytici ty in the isobar framework, provid- 
ing for an improved phenomenology.  Thus, calculations 
bearing on the question raised in the title of  this paper 
can now be carried out. We summarize the results 
below, for the reaction Nrr -~ Nmr at energies up to W 
= 1.5 GeV. 

The si-dependence o f f a  in eq. (1) follows from the 
discontinuity relations obtained from subenergy uni- 
tari ty [6] ; these are implemented analytically by the 
use of  dispersion relations. The resulting expressions 

for each JP wave can be manipulated [7,9] into single- 
variable integral equations [8] : 

fa(S, Si) = Ca(S, Si) 
ej 

+ ~ f Kaa(s, si, z/).f~O, z/) dz/. (2) fs - - o o  

The inhomogeneous term c a has no unitari ty cut in s i 
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and is otherwise arbitrary. For phenomenological pur- 
poses it may be taken to be independent of  s i, so that 
it can be identified with the isobar factor of  the con- 
ventional (non-unitary) model; its unitarization arises 
from the integral term in eq. (2). The kernel is a known 
function; apart from the necessary kinematical encum- 
brances, it contains a basic dispersion integral of  the 
sort evaluated in ref. [7, Appendix B] and a unitary 
two-body function describing MB(zi). The upper limit 
of  integration in eq. (2) is at the upper edge of  the 
Dalitz plot. 

The Fredholm solution of  eq. (2) would provide 
a unitary analytic phenomenology; however, for our 
purposes the formidable task of  inverting eq. (2) can 
be by-passed. We wish to assess the extent to which 
unitarity induces substantial subenergy dependence 
in fa ,  in view of  the impact this might have on the 
validity of  the existing isobar model fits. To this end 
we adopt the basic phenomenological form: 

fa(s,  si) = ca(s ) + ~ laB(s , si) ?B(s) . (3) 

To get this we argue that the major si-variation is ob- 
tained by a first iteration of  eq. (2), in which we 
replace fB by c B. This argument is supported by nu- 
merical calculations in the 37r system [10], even in 
circumstances where rescattering effects are strong 
enough to generate a three-body resonance. The latter 
behavior corresponds to s-dependence and is allowed 
for by the presence in eq. (3) of  the new quantity eta' 
which effectively absorbs the (uncalculated) s-depen- 
dence provided by the Fredholm denominator. Thus 
c a and CB comprise a new set of  phenomenological 
fitting parameters. When we consider the origin of  CB 
we might reasonably estimate it to be of  the same order 
of  magnitude as c B unless there are dynamical circum- 
stances, such as three-body resonance behavior, where- 
by the Fredholm denominator might develop substan- 
tial s-dependence; in this case eB would be enhanced 
over c B. The primary focus of  our calculations in each 
JP wave is the rescattering integral: 

/ laB(s , si) = KaB(s , si, z]) dz i . (4) 
0 

The argument by which eq. (3) accounts for the domi- 
nant s- and si-dependence is based on the dominance 
of  nearby singularities, already contained in the first 

iteration. It is consistent with this approach that we 
have truncated the rescattering integral (4) at z /=  0. 
We have performed several calculations, varying s and 
si, to justify this truncation. The choice of  different 
cutoffs always produces results which differ by amounts 
having negligible dependence on s i. Clearly the contri- 
butions to the solution which lack si-variation are read- 
fly absorbed into the fitting parameters c a and ~B" Eq. 
(3) is shown graphically in fig. l,  in which isobars pro- 
duced in the state/3 are rescattered to produce isobars 
in the final state a. 

We have calculated lab in the NTrTr system for ener- 
gies up to W = 1.5 GeV. The isobars we retain are: 
all s-wave isobars (NTr Sll and $31 , mr isospin 0 and 2) 
in S-states, active p-wave isobars (NTr Pl l  and P33, 7rTr 
isospin 1) in S-states, and the NTr P33 isobar in P-states. 
The JP waves are 1/2 +, 1 /2 - ,  3/2 + and 3 / 2 - .  The uni- 
tary two-body functions appearing in KaB in eq. (4) 
are constructed to fit known Nn data [11 ] and mr data 
[12]. 

The first and perhaps most important result is that 
no rescattering integral laB shows any really rapid sub- 
energy variation for W ~< 1.5 GeV. In almost all cases 
the shape of  the si-variation is very much the same for 
different values of  s. This implies that, although there 
may be some observable corrections to the subenergy 
spectra, true s-channel resonance behavior will not be 
seriously distorted. Thus our calculations provide a 
measure of  retrospective justification for the use of  the 
non-unitary isobar model in the Nnn system at these 
energies. It would appear that the question raised in 
our title has been answered in the negative. Despite 
this, there remain several notable features in the sub- 
energy dependence of  our calculated lab +2, some of  
which may have detectable effects. 

*2 Our notation for the isobars in channels a and ~ is: $1, $3, 
andC~ for the N*r isobars Sn, $31, P33 and Pll; and eo, 

e 2 and p for the *r~r isobars with isospin 0, 2 and 1. No iso- 
spin-designating subscript is called for in channel a because 
the isospin of cz is irrelevant. Finally, lab bears a JP super- 
script. 

a ~ 

Fig. 1. Reseattering effects in the isobar model. 
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Re 

1.2 1.4 1.6 1.8 
s~ GeV z 

b ~ a2v; oRr esha~: e;ienr gs itnct eg~ ~ lh ~ Ss~a~; :e~ ;~ 1; dg5h G;V'c~h°wing 

Our principal finding is that the calculated subenergy 
variations fall into a number of  well defined classes. 
One class of  integrals shows si-variation which depends 
quite markedly on s; this is due to a logarithmic singu- 
larity [13]. In all other cases the s-variation is slight, 
and the types of  si-variation we find are all closely cor- 
related with the orbital angular momentum quantum 
numbers of  the states involved. We shall postpone the 
logarithmic singularity effects for the moment and begin 
with the simplest configurations, in which all angular 
momenta are zero. These occur in Iss1, ISS3, Ise0,  
1Se2, IeSl and les3, each having J P = 1/2 +. The first 
of  these is plotted in fig. 2. It is remarkable that all of  
the others exhibit the same general features as shown 
in fig. 2: namely, a curvature at the subenergy thresh- 
old and a striking crossover of  the real and imaginary 
parts of  la¢. We have found that this kind of  behavior 
is well represented by the expression 

Ic~(s, Si) = Cl(S) + c 2 ( s ) g ( q i ) ,  (5)  

where g has the "scattering length" form 

g(qi) = (1 -- iaqi)-I , (6) 

in which qi is the momentum of one of  the two parti- 
cles in the rest frame of  isobar i. Obviously e 1 and e 2 
are without significance since they are absorbed in c a 
and 5~ in eq. (3). The values of  the parameter a are 
listed in table 1 for a rough fit at W = 1.5 GeV. The 

Table 1 
Scattering length parameter (see eq. (6)) for W = 1.5 GeV. 

jP = 1/2 + 

ISS 1 /SS 3 ISeo Ise2 leSx leS 3 

a ( fm)  0.3 0.6 0.8 0.3 1.0 0.5 

numbers are physically reasonable and in all cases 
positive. It should be noted that eq. (5) realizes a pro- 
posal of  Aaron and Amado [4] for the production of  
s-wave isobars, and that the threshold enhancement 
produced by eq. (6) is similar in nature to a well-estab- 
lished effect in nd -+ nnp at low energy [14]. We 
would expect to see this effect whenever we have s- 
wave isobars produced in S-states. 

Another clear type of  subenergy variation to be 
observed is one in which the real and/or the imaginary 
parts ofI~t  3 show curvature toward the upper end of  
phase space; moreover, when both parts are varying 
they tend to do so with approximately parallel s i- 
dependence. The integrals lzx A for JP = 1/2 + and 3/2 + 
manifest this; I 1 ~  + is plotted in fig. 3. For both of  
these cases the isobar A is in a P-state in both channels 

and/3. Since the observed curvature occurs where 
the isobar momentum in state a Q~ ~ 0, we are led 
to consider an angular momentum barrier interpreta- 
tion. General considerations [15] would suggest the 
occurrence of  a range-dependent barrier factor in the 
intensity, having the form: 

b(ac~ ) = (Raa)2Lc~/[1 +(Rac,) 2Lc~] . (7) 

The kinematic factors in eq. (1) already provide the 
numerator of  eq. (7), so we might therefore expect 
the isobar factor f~ to exhibit a "barrier" dependence: 

h(a~) = ei°(Qa)/[1 + (Raa) 2La] 1/2 . (8) 

Such a barrier feature produces just the curvature near 
Qc~ = 0 which we wish to interpret. A rough fit to these 
two cases has been performed using: 

Ic~¢(s , si) = el(s ) + c2(s ) h(Qa). (9) 

Because of  the approximately parellel behavior of  the 
real and imaginary parts, 0 in eq. (8) is approximately 

-I.C 

1.2 1.4 
I - -  % GeV2 
Im 

Fig. 3. Rescattering integral I1A/~ + for W = 1.5 GeV, showing 
behavior characteristic of the barrier effect. 
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Table 2 
Barrier parameter (see eq. (8)) for IV = 1.5 GeV. 

ill2+ r l /2+ 11/2+ r3/2+ 
AS1 "AA /re2 JAA 

R (fro) 0.4 1.2-1.6 1.2 1.2-1.6 

independent of  Qa; consequently only the real param- 
eter R has any significance. The values of R at W = 1.5 
GeV for these and several other Ia¢ are listed in table 
2. The numbers are physically reasonable, so that here 
too we have obtained a satisfactory interpretation of 
the results which we conjecture is likely to be general. 

A case intermediate, in angular momentum terms, 
between the previous two is that involving p-wave iso- 

r l / 2 -  bars in S-states. Examples in our calculations are _p ~t, 
13/A 2 -  ' 13/2--,aZX ' 11/2,~t -- ' 11-12"~p -- and 13/2 - ,  The latter two 
clearly show the logarithmic singularity (see below), 
but the rest all have approximately linear behavior in 
s i. Such a variation corroborates a proposal of Aaron 
and Arnado [4] concerning the production of p-wave 
isobars, and is expected to contribute only a small 
effect. 

Evidence can be found among our results for the 
kind of structure which can be identified with the loga- 
rithmic singularity of the triangle graph [ 13 ]. This 
effect is expected when the state ~ in fig. 1 contains 
a well-defined resonance. A peak shows up near the 
subenergy threshold, and does so in a manner which 
changes markedly with I¢. This feature is due to the 
migration of the triangle singularity as W varies through 
an energy region near the resonance-plus-third-particle 
mass in channel/L For I¢' -<< 1.5 GeV, only the A isobar 

I.O 

,~.~~q.2 q.s 
GeV 

~ R e "  1.5 

(3 1.5 
Fig. 4. Rescattering integral I;/A 2+ for IV = 1.3, 1.4 and 1.5 
GeV, showing behavior characteristic of the triangle singularity 
effect. 

in state/3 fulfills this criterion, and of the possible can- 
didates likely to show the effect only Iel/A 2+ does so 
clearly; this phenomenon is shown in fig. 4. No doubt 
kinematic factors suppress the effect in the other cases 
for which the state/3 contains the A. It should be noted 
that when/3 contains the p the same circumstances for 
the logarithmic singularity should arise, but for ;¢ near 
1.7-1.8 GeV. Indeed this expectation is confirmed by 
the rescattering integral 13/2- (= I ~  2--/x/~), as shown 
infig. 5. 

It is interesting that the I ~ ' s  which vary with s i 

and have the greatest magnitudes are those for which 
ct and/3 contain one of p, e 0 and A, precisely the isobar 
channels retained in the non-unitary analyses [2]. In 
this context we should emphasize, however, that the 
contribution of the isobar c~ should not be left out of 
any future phenomenology. Even though we have 
found the 9t ~ °tt rescattering to have only slight s 1 - 
variation, the effect of the active 9t isobar via the fac- 
torMa in eq. (1) ought not to be so negligible. It is un- 
fortunate that the scattering length effect (eqs. (5), (6) 
and fig. 2) is associated with isobars in a and/or/3 which 
have not been included in the successful standard 
analyses; these must therefore be small-magnitude 
waves. Detection of the barrier effect (eqs. (8), (9) 
and fig. 3) is more promising since it arises in A pro- 
duction. The A +- A rescattering is substantial in mag- 
nitude and in s 1 -variation. We have predicted R ~ 1.4 

I.C 
1.6 

1"6~[.7 ~ 

1.8 

Fig. 5. Rescattering integral I ,~  2- for W = 1.6, 1.7 and 1.8 
GeV, showing the effect of the triangle singularity. 
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fm at W = 1.5 GeV,  and this effect  should be observable 

wi th  improved  data near the rrA threshold.  

Full details o f  the calculat ions and results summa- 

rized here will be published in a separate paper [16] .  
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